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In this paper, a procedure for the optimization of the working surface of a plough for a soil type considered and to analyze the efficiency, 
is performed. It fits in the set of numerical – experimental techniques used for the improvement of the energy performance related to 
ploughing of agricultural soil. In the first part of this paper, it describes how to generate a family of working surfaces for assigned geometrical 
and process parameters; latter, by mean the use of a physical-mathematical model which describes the soil - plough interaction, it is 
examined the draught resistance changing in function of the geometric and process parameters for a soil considered, aimed to optimize 
the shape. A commercially available plough, subsequently, was examined and, applying such methods, its parametric representation and 
the optimized surface were obtained for the examined soil.
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INTRODUCTION

Tillage has many unknowns due to the variability of  the 
characteristic physical parameters of  the soil in which 
the tool interacts. (Formato et al., 2004; Gill and Vanden 
Berg, 1968; Jayasuriya and Salokhe 2001; Jeshvaghani et al., 
2013).The evidence of  what is said is shown both in the 
different shapes used for the surface of  plough, and in the 
difficulties of  manufacturers to meet the needs of  various 
users operating with different types of  agricultural soils. 
Furthermore, the use of  large amounts of  energy, used 
for this type of  soil working, is a further important reason 
to optimize the geometry of  these surfaces in order to 
reduce the powers required and energy cost. (Formato, 
2005; Formato et al., 2013; Mouazen and Ramon 2008; 
Jia, 2004; Ren et al., 2001; Soni and Salokhe; 2006a; Soni 
and Salokhe; 2006b; Soni et al, 2007; Vilde, 2004; Vilde 
and Tanas, 2005). Therefore, given the importance of  
this type of  tool, which, with its overturning action, 
replaces the use of  herbicides for weed, a theoretical 
and numerical-experimental research was performed to 
determine the design parameters of  the working surfaces 
in relation to the characteristics of  the soil considered. 

This should reduce the use of  empirical component, 
currently present in the design and construction of  these 
tools, and to indicate new geometry forms suitable to 
different working conditions. Therefore in this report 
the possibility of  providing a forecast-analytical support 
to the study of  soil-plough interaction is shown. The 
final goal of  the research is summarized in the concrete 
possibility of  identifying effective numerical models 
with which to perform the design of  the plow working 
surfaces, in reference to a cycle of  shape optimization, 
with a fixed function of  the minimum of  draught force, 
a work quality satisfactorily for agronomic use and 
assigned operating conditions. The above said is united 
with a process which allows to obtain the dimensioned 
construction drawings, in order to realize the full cycle 
of  automation of  the industrial design. (Formato et al. 
2004b; Formato et al., 2005; Formato and Carillo, 2008a; 
Formato and Carillo, 2008b; Godwin et al., 2007). From 
an agronomic point of  view, the working of  agricultural 
soil is one of  the most important phases of  the agricultural 
process, and it is the most energy consuming. It changes 
the structure of  the soil by mechanical actions such as 
cutting, pressing, grinding, and overturning. The geometry 
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of  the plough working surface is generally composed, 
by a proper tool, the ploughshare, to which is entrusted 
with the task of  cutting the soil slice during its going 
forward, and the moldboard, to which is entrusted with 
the task of  crush, move sideways and overturn the slice 
thus generated. This working surface is complex and the 
work quality and the energy requirements of  processing 
depends on it. Among the design approaches, which 
over time have been developed, of  great interest is the 
one under which the moldboard and the ploughshare are 
“designed” simultaneously. This approach is inspired by 
the fundamental theoretical considerations of  Goryachkin, 
1968; according to which the study of  the geometry of  any 
tool for soil working can be reduced to tetrahedral schema. 
The working angles of  nominal geometry must combine 
the efficacy and efficiency required to allocated function. 
On the measure of  the efficiency, it will be discussed in 
the second part of  this work, while the efficacy can only 
be assessed ex post, through targeted field-testing.

MATERIALS AND METHODS

Geometric description of the plough working surface
It is assumed that the working surface belongs to the family 
of  ruled surfaces, represented by the general parametric 
vector equation:

S u v Q u v r u,( ) = ( ) + ( )  (E.01)

according to which the generic point, S u v,( ) , of  the 
surface is obtained by translating by a quantity v  each point 
of  the generic parametric curve Q Q u= ( ) - directrix 
equation - along a direction r r u= ( ) - generatrix vector 
equa t ion  (F ig.  1 ) .  For  each  se t  va lue u u= 0 , 
S u v Q u v r u0 0 0,( ) = ( ) + ( ) is a straight line passing through 
the point Q u0( )with direction r u0( ) . The corresponding 

scalar form of  equation (E.01) is represented by the 
following system of  equations:
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where Q Q u= ( )  is the directrix equation,  = ( )u is the 
angle formed by the generatrix horizontal with the direction 
of  motion.  u( ) can generally be described by a natural 
cubic spline such as:

 u a u a u a u( ) = + + +0 1 2
2

3
3    (E.03)

with a1, a2, a3 coefficients dimensional and θ0 the main working 
angle formed by the generatrix of  height z = 0 with the 
motion direction of  the plough. In our case the parametric 
variable u is represented by the cartesian variable z . The 
direction r r u= ( )  is represented, in our case, by a straight 
line of  the plane (X, Y) given by the equation:

y x tan x y x
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yϑ π ϑ
ϑ
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 + = +′ ′

2
  (E.04)

where ′y is the intercept of  the straight line on the 
ordinate. The equation of  the directrix, instead, is assumed 
as parabolic type:

z q p y−( ) =2 2   with x = 0  (E.05)

in which q represents the height of  the vertex of  the 
parabola and p is a geometric parameter which is determined 
by calculating the first derivative of  the equation of  such 

directrix at the point A with coordinates z y q
p

= =
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and observing that said derivative is related to tan .

To be precise, we have:
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namely:

1
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=  p q tan=    (E.07)

The directrix equation also allows to calculate the intercept 
value ′y  of  the directrix on the ordinate axis
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p
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2
 (E.08)

Fig 1. Ruled surface obtained by generatrix and directrix.
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At this point we insert the results of  equations E.07, E.08 
in the equation E.04:
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2
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0 02∆    
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that represents, for each plane x cost= , parallel to the 
lateral plane OYZ, a family of  profiles as shown in Fig. 1. 
Therefore, it is possible to represent, parametrically, the 
working surface of  the considered plough. After having 
obtained the geometric description of  the parametric 
working surface, we can consider its optimization 
processes.

Optimization
The understanding of  the nature of  the relations between 
the forces that awaken during the process of  soil working 
and the main design parameters of  a considered plough are 
crucial for the design of  the tool and the optimization of  
its energy consumption. The optimization process requires 
the consistency with the experimental data and a simple 
analytical and integral structure, which involves very short 
processing time, in order to be profitably used in the context 
of  optimization cycles which, for their part, involve the 
computation of  multiple solutions. Therefore, the possibility 
of  using costly numerical techniques of  integration (CFD, 
DEM, SHP) (Abo Al-Kheer et al., 2011; Formato and 

Faugno, 2007; Kasisira, 2005; Oida and Momozu, 2002; 
Ros et al., 2008; Rucins and Vilde, 2004; Rucins and Vilde, 
2005; Saarilahti, 2002) will be sacrificed on the altar of  an 
analytical - integral approach, which prefers the rapidity 
of  the calculation to the alleged accuracy of  the results 
obtained by differential-algebraic techniques. Among the 
integral relations, that is possible to find in the vast scientific 
production that characterizes the subject in question, we 
have used those developed by Godwin et al., 2007.

According to this approach, the complete expression of  
the total resistance offered by the engaged tool during the 
working soil (draught force) Lt [kN] may be considered 
as the resultant of  the component necessary for the 
rupture of  the soil (cut), the component necessary for its 
lifting and then overturning (inertia) and that generated 
by the phenomenon of  friction and adhesion inside the 
soil considered and due to the interaction of  the latter 
with the working surface (friction).The draught force is, 
therefore, expressed as the sum of  all the components 
defined above:

L L L L L L L Lt p v q q a a a= + + + + + +1 2 1 2 3

Fwor each of  them you have the following analytical 
representation.

Lp//Lv - Components of  the draught force produced by 
the breaking of  the soil

Table 1: Symbols
Txt Soil composition (% sand,% silt,% clay,% organic fraction) [-]
c Undrained cohesion unsaturated soil [kN/m2]
ρ Apparent density [Kg/m3]
w Absolute humidity %
g Gravity acceleration [m/s2]
δ Friction angle of soil - working surface [°] – [rad]
φ Internal friction angle of the soil in critical condition [°] – [rad]
A Coefficient of adhesion to the working surface [kPa]
b, bp , bv Effective width, effective width edge, effective width plow [m]
d, dp , dv Process depth, process depth of the edge, process depth of the plow [m]
H Plow height [m]
L Plow length [m]
r Average radius of curvature of the working surface [m]
θ(z) Main work angle function [°] – [rad]
θ0, θu Main work angle with z=0 and z=H [°] – [rad]
θ0v , θ0p Plow and edge main work angle [°] – [rad]
θm Average main work angle [°] – [rad]
Δθu=θu‑θ0 Variation of the inclination of horizontal generatrix (angle of last deviation) [°] – [rad]
Δθm=θm‑θ0 Variation of the inclination of horizontal generatrix (angle of average deviation) [°] – [rad]
α0, αp , αv, αu Attack angle, edge angle of attack, plough angle of attack, angle of exit [°] – [rad]
v Forward speed [m/s]
ω Frequency plough [Hz]
mr Characteristic ratio of rupture -
Nρ, Nc, Na Dimensionless factors in function of φ, δ, αp e αv, mr -
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Lq1//Lq2 –Components of  the draught force produced 
by the weight and the inertia

L b d b d v sen tan cosq p p v v m m1
2 1 1= +( ) − −( )    ϑ δ ϑ

L g b d b d dq p p v v v2 2= +( )

La1//La2//La3 – Components of  the draught force 
produced by plough (1st component) and by the moldboard 
(2nd and 3rd component)

L gd N cd N v d N b sen cos tana v v c v a v s1
2 2

0= + +( ) +( )  ρ α δ θ δ

L b d b d v sen sen tan tana p p v v m m2
2 1= +( ) −( )    ϑ ϑ δ δ

L L g b d b d tan tana p p v v3 = +( ) ϕ δ 

For details of  this physical - mathematical model see the 
cited literature.

The comparative geometric analysis of  the working surfaces 
of  the modern ploughs, according to the numerous field 
experiences that can be found in the literature, has led to 
identifying of  the followingbasic parameters fundamental 
for the efficiency and the efficacy of  a soil working (Vilde, 
2008). We have referred to them in the definition of  the 
limits of  integration of  the multi-parametric constrained 
optimization problems, discussed in the following 
paragraph (Tables 1 and 2).

The variation law θ(z) is given by a natural cubic spline, 
solution of  the limits problem E10, where θu, θ0 are design 
parameters, while ∆  m m= − 0 is part of  the solution 

of  the problem of  minimum E.11 solved for the considered 
soil and the assigned depth of  process.
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Condition of  the minimum of  draught force

min Tiro vmα ϑ ϑ, , ,0 ∆( )   with

m i n m a x  ≤ ≤

≤ ≤0 , 0 0 ,m i n m a x  

∆ ∆ ∆  m min m m max, ,≤ ≤

m i n m a xv v v≤ ≤

The system relative to the coefficients of  the expression 
 z( ) −( )0 is reduced, easily, to the following system of  

two equations in two variables:

a
a

a H a
H

a H a
H

u

m

0

2

1
2

3

1
2

3

0
2 0

2 4

=
=

+ =

+ =















 

  

∆

∆





 
a H a

H

a H a
H

u

m

1
2

3

1
2

32 4

+ =

+ =










 

  

∆

∆





where m∆ is the value resulted from the minimization of  
the draught force.

The solution of  this system can be derived analytically:

a
H u m1
1 4= − −( )  ∆ ∆   and a

H u m3 3

2 2= −( )  ∆ ∆ 

These results allow us to write that:
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This analytical approach has allowed to obtain the program 
code ARAT1, made in Matlab environment, such that, given 

Table 2: Main geometric parameters of the working surface 
and characteristic values1

θ0p [°] 30÷32
θ0v [°] 31÷42
Δθu=θu-θ0
Δθm=θm-θ0

[°]
[°]

14÷17
9÷12

αp [°] 18÷25
αv [°] 18÷25
αu, min
αu, max

[°]
[°]

28÷32
124÷130

L [m] 0.80÷1.40
1For the considered parameters, the optimal values, min and max that are 
more performant are shown
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the input parameters: H, L, dp, dv, bp, bv, A, Cu, δ, φ, ρ, 
allows to calculate the values of  the components of  the 
draught force ( L L L L L L Lp v q q a a a, , ,, , ,1 2 1 2 3 ) and, therefore, 
to determine the optimum values of  the parameters: α, ,
∆  and the optimum speed of  the process.

Experimental tests
The entire process, previously exposed, has been applied 
to a commercially available plough, performing the 
optimization of  the working surface for a considered 
soil. Starting from a set of  points considered on the cross 
sections of  the working surface of  the plough considered 
(Fig. 2) the analytical parameterized expression of  the 
considered working surface was obtained.

The sections were examined in a reference system defined 
in the following way:
• Y-axis:  Longitudinal axis of  the plough, which coincides 

with the forward direction of  the plough;
• X-axis:  Transverse axis of  the plough, perpendicular to 

the plane of  the wall of  the plough;
• Z-axis:  Vertical axis of  the plough, perpendicular to the 

X-Y plane.

For each examined section, the points belong to the curves 
of  intersection of  the plough working surface with the X-Z 
plane (Plans with y = const.) at intervals of  about 40 mm 
in the y direction. The step along the z-axis is not greater 
than 20 mm. Therefore, the maximum net considered was 
not greater than 20x40 mm. The geometric parameters 
characteristic of  this working surface were evaluated. The 
interaction between soil and considered working surface 
was also studied, examining a particular type of  soil whose 
physical properties are shown in Table 3.

Later, using the optimization program code ARAT1 
described previously, the optimal values of  the geometric 
parameters, that define the working surface, were 
determined, so as to provide the minimum value of  the 
resistance force during the soil-plough interaction. In Fig. 2 
the representation of  the cloud of  points of  the section of  
the considered plough is shown. To compare the section 
points and the elaborated points we have slightly modified 
the function y (E.09)

y x

tan
H

z

z qz
q tan sen
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0 2

2

2
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The change depends on a different origin in the reference 
systems used, respectively, in the equation E.09 and 
sections considered. Therefore for the considered plough, 
the following values of  the parameters, which allow the 
analytical description of  the considered working surface, 
were obtained:

0 45= o   0 29= o  q cm= 43  with H cm=100  and 
y cm0 20=   (the latter two values set initially).

These values give a SQM =1 3.  (mean square deviation).

In Fig. 3 shows the surface resulting from E.12 equation 
using the previously obtained values.

RESULTS AND DISCUSSION

Sensitivity analysis
The parametric geometry of  the working surface of  the 
considered plough was examined in the study of  soil-
plough interaction in relation to the considered soil whose 

Fig 2. Representation of the point cloud of section of considered 
plough.

Fig 3. Resulting surface using the obtained values.

Table 3: Physical and mechanical parameters of the 
considered soil
soil (g/kg) w ρ c φ δ

Sand Silt Clay Humus Kg/m3 kN/m2 ° °
S1 64,0 19,0 17,0 1,7 176.0 13,3 11.2 29 16
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characteristic parameters are reported in Table 3. The 
geometrical and process characteristics of  the considered 
plough are shown in the following Table 4. For the process 
speed, the working range of  1 to 5 [m/s] is considered. The 
results of  sensitivity analysis carried out for the considered 
working surface, the soil and the process conditions, are 
shown in Figs. 4-6.

Fig. 4 shows the trends of  the components L L Lp v q, , 1 and 
La1 of  the total draught force for the geometry of  the 
considered plough, as compared to the velocity v and the 
angle α for the first, second and fourth component, while 
for the third component we reported its dependence on 
the angle of  deviation Δθ and the speed v.

In Fig. 5, however, the trend of  the component Lq 2 is 
shown in function of  the main work angle ϑ0, the trend of  
the components La 2 and La 3 in function of  the speed v 
and at last the behavior of  the component La 3 is reported 
in function of  both the velocity v, of  the length of  the 
considered plough.

Fig. 6 represents the trend of  the total force ( Ltot ), for the 
geometry of  the considered plough, with respect to the 
angle α, to the velocity v and to the main work angle θ0.

Finally we report some parametric graphs of  the total 
draught force and of  its components in function of  the 
angle α, of  the deviation angle Δθ with the velocity v as 
parameter, for the geometry of  the working surface of  the 
considered plough (Fig. 7).

Subsequently the conditions of  minimum draught force 
(function Lt ) for the optimization process have been 
determined.

Optimization of the working surface for the considered 
soil
By using the program code ARAT1 described previously, and 
using the values of  the input parameters shown in Table 3 
and Table 4, we have obtained optimum values of  the 
geometrical parameters and process, listed below in Table 5.

With these parameter values, obtained by the considered 
optimization process, it was possible to get the analytical 
expression of  the working optimized surface. Below (Fig. 8) 
is shown a graphic comparison between the original surface 
(green) of  the plough in question and the surface of  that 
one optimized (red).

It is possible to notice a different curvature between the 
profiles of  the two surfaces, this is due to the fact that the 
curvature depends on the angle α, in fact, remembering 

that tan tan sinα γ θ=  and that
d y
dz q tan sen

2

2
0 0

1= ( ) ( )  γ ϑ
, 

one has that a larger value of  α implies a value less than 
the the second derivative. Another difference between the 
two profiles resides in the main work angle (0 ), which 
directly influences the inclination of  the generatrix line 
(E. 04). The last parameter, elaborated in the optimization 

Table 4: Geometric and process parameters of the considered 
plough
bp [m] 0.100
bv [m] 0.205
dp [m] 0.300
dv [m] 0.310
L [m] 0.850
H [m] 1.00

Fig 4. Diagrams of the components L L Lp v q, , 1 and La1 of the total drag force for the geometry of the considered plough, as compared to the 
velocity v and the angle α for the first (a), second (b) and fourth component (d), while for the third component we reported its dependence by the 
angle of deviation Δθ and the speed v (c).

a

c

b

d
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process, is speed. It, for values of  α greater than 15 °, has 
an almost proportional effect on the components of  the 
drag force.

CONCLUSIONS

Optimal solutions reported in Table 5 say anything about 
the effectivity of  the process, measurable ex post on the 

basis of  the indexes of  texture, grain size and overturning 
of  the worked soil (agronomic quality of  the soil working). 
Moreover, the gap between the solutions obtained to vary 
of  the initial state of  the considered soil, even obtained with 
an integral-analytical model, certainly less approximative 
then a differential-algebraic approach, indicates the fact that 
the problem of  the optimization of  the working surface 
in concerns of  energy efficiency, as well as traditionally 
studied, must be related to the complete “physical state” 
of  the soil considered, and therefore considering for it only 
the conditions of  “tempering soil”; in fact, as is known, an 
agricultural soil can be subjected to mechanical working 
only if  it is in a condition of  “tempering”, i.e. unsaturated 
soil and away from the point of  saturation, generally with 

Table 5: Optimum values of the geometric and process 
parameters that minimize the drag force
Tiro α0p α0v θ0 θu‑θ0 v
[kN] [deg] [deg] [deg] [deg] [m/s]
3.19 20.0 20.0 35.0 15.00 1.70

Fig 5. Diagram of the component Lq 2  as a function of the main work angle ϑ0 (a), the performance of the components La 2  and La3 as a function 
of the speed v (b), (c) and finally is reported the behavior of the component La 3  as a function of both the velocity v and of the length of the 
considered plough (d).

a

c

b

d

Fig 6. Diagram of the total force ( Ltot ) with respect to the angle α and to the speed v (a) and to the main work angle ϑ0 (b) for the geometry of 
the considered plough.

a b
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humidity u <10%. Generally a soil, by the effect of  weather 
vicissitudes, undergoes continuous changes of  physical 
state, which could make it be able to ward off  from the 
operating condition of  “tempering”. For soils that are 
found in such physical condition (with u >> 10%) and 
with values of  u which also vary in the spatial domain of  
processing, it is possible to note that, if  you wish to apply, 
as simple theoretical and speculative exercise, a traditional 
deterministic analysis, although based on sophisticated and 
expensive numerical techniques (i.e., techniques DEM), 
one could not solve, “reasonably” and unequivocally, 
the problem of  the definition of  an optimal working 
surface or that of  the estimate of  the draught force and 
of  the components of  the force that awaken during the 
soil working. This limitation can be overcome only in 
a probabilistic perspective, through forecasting models 
(Monte Carlo, FORM, SORM) that evaluate explicitly the 

epistemic nature of  the soil and the inherent uncertainty 
of  its physical and mechanical properties. In conclusion, 
the results obtained may be applied with a certain validity, 
if  we consider only the physical conditions of  the soil 
“in tempering”, which are the actual conditions of  the 
soil subjected to mechanical working. These, according 
to studies and surveys carried out, also ensure the 
“consistency” of  the characteristics of  the soil, around the 
spatial domain and for the duration of  processing; in fact, 
in a lot of  examined agricultural soils was found a good 
“constancy” of  the physical and mechanical characteristics 
of  the agricultural soil in the operating conditions of  
“tempering”.
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